Abstract. We introduce a fairly general class of Banach function spaces X given by kfk X := kf k X , where f is de ned on a totally { nite non-atomic measure space (R; ), f is the non-increasing rearrangement of f with respect to and X is certain rearrangement-invariant space over the interval (0; (R)). This class contains for example classical Lorentz spaces. We prove a general duality principle for these spaces and present several applications. In particular, we prove theorems which enable us to reduce weighted inequalities involving integral operators restricted to monotone functions to certain more manageable weighted inequalities. Reduction theorems are then applied to obtain a characterization of embeddings between X spaces.
Introduction
Let (R; ) be a totally { nite non-atomic measure space. Let M(R; ) be the set of all {measurable a.e. nite real functions on R. By M + (R; ) we denote the subset of M(R; ) consisting of non-negative functions. When R is an interval When w is a weight (that is, a Lebesgue-measurable non-negative function) on (a; b) and (R; ) = ((a; b); w dm), we write f w .
As usual, by A . B and A & B we mean that A CB and B CA, respectively, where C is a positive constant independent of appropriate quantities involved in A and B. We write A B when both of the estimates A . B and B . A are satis ed. We shall use throughout the convention 0 1 = 0, 0 0 = 0 and 1 1 = 0. In the theory of operators acting on function spaces it is often necessary to consider inequalities restricted to non-increasing non-negative functions on an interval. A typical example of such situation is the investigation of behaviour of integral operators on a classical Lorentz space. A classical Lorentz space p (w)(R; ), where p 2 1; 1) and w is a weight on (0; 1), is the set of all functions f 2 M(R; where the supremum is extended over all cubes Q R n with sides parallel to the coordinate axes and jEj denotes the n-dimensional Lebesgue measure of E R n .
The authors rst observed that M is bounded on p (w) if and only if the weighted Hardy-type integral inequality holds for all f 2 M + (0; 1; #), and then they characterized the class of weights for which this is true. It turns out that this class is considerably wider than the class of weights for which (1.1) holds for all f 2 M + (0; 1). In another fundamental paper, Sawyer ( 18] ) characterized the quantity sup f2M + (0;1;#)
for a given g 2 M + (0; 1). Again, the resulting characterization is quite di erent from the analogous one in which all f 2 M + (0; 1) are considered. Sawyer's result has several important applications; for example, it produces a description of the associate space of a classical Lorentz space, it gives a characterization of weights v; w for which the inclusion p (v) q (w) is true, and it enables one to characterize pairs of weights for which an operator T is bounded from one classical Lorentz space to another as long as certain a-priori estimate of (T f) in terms of f is known. 
Preliminaries
De nition 2.1. Let X M(R; ) be a Banach space over (R; ), endowed with a norm k k. Assume that the functional k k is de ned on the entire M(R; ) and X = ff 2 M(R; ); kfk < 1g. We say that X is a Banach lattice if kfk kgk whenever 0 f g on R. We say that X is a rearrangement-invariant Banach function space (or shortly an r.i. space) over (R; ) if the following four axioms hold:
(A 1 ) 0 f n % f on R implies kf n k % kfk; (A 2 ) k E k < 1 whenever E R and (E) < 1; (A 3 ) for every E R with (E) < 1 there exists a C > 0 such that Z E f(x) d (x) . kfk for all f 2 M(R; ):
(A 4 ) kfk = kgk for every f; g such that f = g . Remark 2.2. We note that, by 2, Chapter 2, Theorem 2.7], (R; ) is reasonant, that is, for each f and g in M(R; ), the identity The space X is called the representation space of X. We shall often use the H lder inequality
and the fundamental identity k E k X k E k X 0 = t for every E R; (E) = t; t 2 (0; a):
We shall also use the well-known inequality of Hardy, Littlewood and P lya: log(1=t) log h X (t) ; I X = lim
where h X (t) is de ned for t 2 (0; 1) by h X (t) = sup
and E t is the dilation operator given at f 2 M + (0; a) by (E t f)(s) = f(st), 0 < s; t < 1. The de nition of A w of course depends on a but it will be always clear from the context which particular value of a is considered.
Remark 2.7. The operator A w is called weighted average operator. When f 2 M + (0; a; #) and w is a weight on (0; a), then also A w f is non-increasing, and moreover f(t) (A w f)(t); t 2 (0; a):
3. Key lemma The following lemma is a key step to our main results. It is a general version of (2.6) in 17]. A routine argument extends the result to all f 2 M + (0; a; #).
As we shall see below, Lemma 3.1 has important consequences. Some of the most immediate ones are collected in the following corollary. The proof of (iii) is analogous and thus left as an exercise. De nition 3.4. Let (R; ) be a totally { nite non-atomic measure space with a = (R). Let w be a weight on (0; a) and let X be an r.i. space over ((0; a); w).
De ne the space X by X = X (R; ) = ff on R; kfk X := kf k X < 1g:
Since f is non-increasing on (0; a), we have by Corollary 3.2 (i) kfk X = kf k X = k(f ) w k X = kf (W ?1 )k X ; for all f 2 X : Example 3.5. For X = L p;q ((0; a); w), 1 p; q 1, we have X = p;q w ( ), the space introduced by Carro and Soria in 4].
We shall now give a characterization of an associate space of X for those X on which the operator A is bounded. Theorem 3.6. Let (R; ) be a totally { nite non-atomic measure space with a = (R). Let w be a weight on (0; a) and let X be an r.i. space over ((0; a); w). Assume that the operator A is bounded on X, that is, Another characterization of the associate space of X (under assumptions different than (3.4)) will be given in the next section.
Duality principles
We now present our main results. First, we shall prove the following general duality principle. Thus, the assertion follows from Theorem 4.5.
Our aim now is to apply the results obtained to a kernel operator of Volterra type. If, moreover, the kernel k satis es k( ; ) k( ; ) + k( ; ) whenever 0 < < < < a; The L{condition in the sense of our de nition was (as far as we know) rst introduced by Berezhnoi ( 3, De nition 2]) as a generalization of the concept of pconvexity that had been used before (cf. 13, Part II, Chapter 1d]). Unfortunately, it is a very restrictive condition.
The following result is 10, proving the necessity of (6.4). (6.3) , the inequality (6.1) is satis ed for f = f 1 . Since the operator T is quasilinear, it is enough to verify (6.1) also for f 2 . We have The last two estimates yield (6.5). The proof is complete. Theorem 6.1 can be applied to obtain an important characterization of weights for which the operator from (1.2) is bounded from one weighted Lebesgue space into another. Details can be found in 11] .
We now present a generalization of Theorem 6.1 to operators involving kernels. The proof uses the same ideas and is therefore omitted. Let k(t; s) be a non-negative measurable function on non-increasing in s and nondecreasing in t, and satisfying k(t; s) k(t; y) + k(y; s) for every 0 < s y t < a: Assume that X is an r.i. space on (0; a) and let Y be a Banach lattice over (0; a). 
